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ABSTRACT 
New bounds for the greatest characteristic root of a nonnegative matrix are 
obtained. They generalize and improve the bounds of G. Frobenius and H. Mint. 
1. INTRODUCTION 
Let .4 = (u,~> be a nonnegative matrix of order n, and rr, r2,. . . , rn its 
row sums. The following results of Frobenius [I] are well known. The greatest 
characteristic root r, sometimes called Perron root, satisfies 
minri < r < maxr,, 
i I 
r 3 maxnii. 
i 
A result similar to (1.1) holds for column sums c,, c,, . . . , c,. 
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For nonnegative matrices A = (aij) with nonzero row sums ri, r2, . . . , r,,, 
the bounds in (1.1) were improved by Mint [2] as follows: 
(1.3) 
An analogous result holds for column sums ci, c2,. . . , c,. 
For positive matrices, (1.1) was improved by W. Ledermann [3], and 
further by A. Ostrowski [4] and by A. Brauer [5]. But they all reduce to (1.1) 
in the case of nonnegative matrices. 
For irreducible nonnegative matrices, we have the results of A. Ostrowski 
and H. Schneider [6] and of A. Brauer and Ivey C. Gentry [7, 81. These 
results improved bounds in (1.1) and in (1.2). 
In this paper, the bounds (1.1) and (1.3) are improved and generalized. 
When applied to positive or irreducible nonnegative matrices, the new 
bounds are sharper. 
2. PRELIMINARIES 
First, we need following two lemmas, which can be found in [2]. 
LEMMA 2.1. Let (Y be a characteristic root of a matrix A of order n, and 
let (x,, x2,. . ., x,> and (yl, y2,. . . , y,,) be characteristic vectors cowespond- 
ing to (Y of AT and A, respectively. Then 
n n 
aCXi= Cx,r,, 
i=l t=1 
(2.1) 
ailYj= iYt’t* (2.2) 
j=l t=1 
LEMMA 2.2. If ql, q2,. . . , q,, are positive numbers, then 
min ‘i < Pl + Pz + *.* +P, ~ max ‘i 
i qi ’ qj + q2 + ... +qn i 4i 
(2.3) 
for any real numbers p,, p,, . . . , p,. Equality holds on either side of (2.3) if 
and only if all the ratios pi/qi are equal. 
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We prove two additional lemmas. 
LEMMA 2.3. Let A = (aij) be any matrix of order n, and denote by 
ri( Ak) and ci( Ak) (i = 1,2,. . . , n) the i th row sum and i th column sum of 
the matrix Ak. Then 
r,( Ak+‘) = k a,,r,( Ak), 
t=1 
ci( Ak+ ‘) = 5 nticf( Ak) 
t=1 
(2.4) 
(2.5) 
for any i = 1,2, . . . , n, where k is any nonnegative integer. 
Proof. Denote by a$!’ (1 < i, j < n) the element lying on the intersec- 
tion of the ith row and t I: e jth column of Ak. By Ak+’ = AAk, we have 
ri( Ak+‘) = k 2 ait,g$i) 
j=l t=l 
(k) 
atj 
= t ai,r,( Ak). 
t=1 
Thus (2.4) follows. (2.5) is proved similarly. This completes the proof of the 
lemma. ??
An immediate consequence of Lemma 2.3 is the following corollary. 
COROLLARY 2.4. Let A be a nonnegative matrix of order n. lf A has 
nonzero row sums rl, r2, . . . , rn or column sums cl, c2, . . . , c,, then the same 
is true for Ak, where k is any positive integer. 
LEMMA 2.5. Let A be a nonnegative matrix of order n, and let m be any 
positive integer. If A has nonnegative row sums and column sums, then, in 
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the notation of Lemma 2.3, 
An analogous result holds for the columns ci( Ak) and ci( Ak’ ‘). 
Proof. Let A be a nonnegative n X n matrix with nonzero row sums 
t-1, t-2,. . . , r”. In view of Corollary 2.4, we know ri( Ak> # 0 for i = 
1,2,. . . , n. We prove the right inequality of (2.6) by induction. The left 
inequality is proved similarly. The middle inequality is obvious. 
When m = 1, the right inequality of (2.6) becomes an equality. 
When m = 2, by (2.4) we have 
so that 
rn? ‘;(,A~~~’ < (“7 ‘;r;fl:;) j2. 
Hence the right inequality of (2.6) is valid when m = 2. 
Suppose inductively that (2.6) holds for m = h. Then by (2.4) we have 
r,( Akfh) r,( Ak+‘) 
rtt Ak> I ri( Ak) ’ 
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Further, by the inductive hypothesis we have 
hence the right inequality of (2.6) holds for nz = li + 1. 
The column sums case is proved similarly. 
3. BOUNDS FOR THE GREATEST CHARACTERISTIC ROOT 
OF A NONNEGATIVE MATRIX 
THEOREM 3.1. Let A be a nonnegatioe n x n m&-ix with greatest 
characteristic root r. If, in the notation of Lemma 2.5, A has nonzero row 
sums rl, r”, . . . , r,, or column sums c,, c,, . . . , c,,, then r satisfies 
I / 171 1 /m 
min (3.1) i 
or 
I / r,, 
(3.2) 
Proof. Suppose that A has nonzero row sums rl, rq, . . . , r,,. By (l.l), we 
have r > 0. Using Corollary 2.4, we see that A”’ has nonzero row sums 
rl( A”‘), r,( A,‘), . . . , r,,( A’“) for any positive integer m. Since r is the great- 
est characteristic root of A, r is also the greatest characteristic root of A?‘. By 
this, we can assume without loss of generality that (xi, x2, . . . , x,,) is a 
nonnegative characteristic vector of AT corresponding to r such that Cl=, xi 
= 1. Hence, for any positive integer m, (xl, x2, . . . , x,,) is a nonnegative 
characteristic vector of ( AT)r,l corresponding to rfn. By the above statements, 
applying (2.1) of Lemma 2.1 to Ak+“’ and Ak, we have 
r 
_ cl’=,xiri( Ak+“‘) r k + ,,I ,,, _ 
rk E;= ,xiri( Ak) ’ 
and by (2.3) of Lemma 2.2, we get 
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Hence, 
This is precisely (3.1). ??
By taking m = 2 and k = 1 in Theorem 3.1, we obtain the following 
corollary. 
COROLLARY 3.2. The greatest characteristic root r of a nonnegative 
n x n mutrix A = (aij) with nonzero row sums r,, r2,. . . , r, or column sums 
c1,cp>..., c, satisfies 
or 
REMARK 3.1. If we set m = 1 and k = 0 in (3.1) and (3.2), and assume 
that A0 = I, then Theorem 3.1 yields the Fobenius bounds, that is, (1.1). 
REMARK 3.2. If we take m = k = 1 in Theorem 3.1, we get the bounds 
given by Mint [2] [that is, (1.3)]. 
The following theorem will give better bounds: 
THEOREM 3.3. We posit the assumptions of Theorem 3.1. Then the limits 
lim min 
k+m i 
l/V1 l/m 
and lim max 
k-m i 
exist for any fixed positive integer m, and r satisfies 
lim min 
k+cc i 
Q r d lim max 
k+m i 
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Analogous results hold for the column sums (that is, the results obtained 
by changing ri in the above limits into ci). 
Proyf. By (2.4) of L emma 2.3 and (2.3) of Lemma 2.2, for any positive 
integer m, we have 
‘i( A k+‘+f”) = C:=,aitrt( Aki”‘) 
r,( Ak+‘) 
[c, aifr,( A’;) 
rt( A’+m) 
’ 07% r,( Ak) 
r,( Aktnl) 
’ “1” rt( Ak) 
for any i (1 < i < n>. Hence, 
rn? ( riiiF;l:,’ ]r”” < my 
thus the sequence 
ri( Ak+“‘) 
'it Ak) 
(3.6) 
decreases monotonically and has lower bound r by Theorem 3.1. Therefore, 
lim max 
k+= i 
exists and is not less than r. So the right inequality of (3.5) holds for any fEeted 
integer m. Similarly, we can deduce that the left inequality of (3.5) holds for 
any fixed integer m. Hence, (3.5) holds true. 
Similarly, when A has nonzero column sums c,, cs, . . . , c,, we can prove 
the corresponding results. W 
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By taking m = 1 in Theorem 3.3, we obtain the following corollary. 
COROLLARY 3.4. The greatest characteristic root r of a nonnegative 
n x n matrix A with nonzero row sums rl, r2, . . . , r,, or column sums 
c1>c2>..., c, satisfies 
lim min 
ri( Ak+i) 
ri( Ak) 
< r < lim max 
ri( Ak+ ‘) 
k-m i k-r= i ri( Ak) * (3.7) 
A similar result holds for column sums ci( Akil) and ci( Ak). 
REMARK 3.3. All the bounds given by Theorem 3.1, Corollary 3.2, 
Theorem 3.3, and Corollary 3.4 are better than the Mint bounds; hence they 
are better than the Frobenius bounds. The reason is as follows. 
By taking m = 1 in (3.61, we know that the sequence 
decreases monotonically. Thus, by Theorem 3.1 and Lemma 2.5, we have 
r< max 
i 
l/Ill 
ri( Ak+‘) 
’ “i” ri( Ak) 
Furthermore, we know that the above remark is true by (2.4). Of course, the 
above arguments also applies to lower bounds and columns. 
REMARK 3.4. All the results given by Theorem 3.1, Corollary 3.2, 
Theorem 3.3, and Corollary 3.4 can be used to obtain bounds for the greatest 
characteristic root of any nonnegative n X n matrix A. Indeed, if A has 
nonzero row sums rl, r2,. . . , rn, then all the results for row sums can be 
used. If A has nonzero column sums ci, c2, . . . , c,~, then all the results for 
column sums can be used. If A has zero row sums, then we can obtain 
another square matrix A, by deleting all the zero rows and corresponding 
columns. Since all the row sums of A, are not zero, the results for row sums 
can be used. Similarly, if A has zero column sums, then we can obtain 
another square matrix A, by deleting all the zero columns and corresponding 
rows. Since all the column sums of A, are not zero, the results for column 
sums can be used. 
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4. AN EXAMPLE 
For the positive matrix 
we compute some bounds for the greatest characteristic root of A as shown 
in Table 1. 
The limits in (3.5) and (3.6) are precisely r (= 7.74165738 *a* 1. In 
particular, we have 
ri( A”) 
max- --r < 10- Ii 
i ri( A”) 
rj( A'") 
-6 min - - r < 10 . 
i ri( A”) 
Frobenius: 
TABLE 1 
4 <r<8 (row) 
Hint: 
Ledermann: 
Ostrowsl& 
Brauer: 
[6, Theorem 11: 
[6, Theorem 21: 
171: 
bl: 
(3.1) (m = k = 2): 
(3.2) (m = k = 2): 
(3.3): 
(3.4): 
5 <r<7 
5 < r < 6.25 
5.6 < r < 5.8572 
4.154’i < r < 7.8661 
5.080 < r < 6.9259 
4.5275 < r < 7.6547 
5.2247 < r < 6.8165 
4.8284 < r < 7.4642 
5.3722 < r < 6.7016 
4.0606 < r Q 7.9394 
-5.0411 < r =S 6.9589 
4.1176 < r < 7.8824 
5.0790 < r Q 6.9210 
4.8730 < r < 7.099 
5.3166 Q r < 6.4772 
4 <r 
5.6789 G r d 5.7735 
5.7259 < r < 5.7615 
5.4160 < r Q 6 
5.6569 Q r < 5.8187 
(column) 
(row) 
(column) 
(row) 
(column) 
(row) 
(column) 
(row) 
(column) 
(row) 
(column) 
(row) 
(column) 
(row) 
(column) 
(row) 
(column) 
(row) 
(column) 
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